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ABSTRACT

ARTICLE INFO

Instantaneous uncut chip thickness (IUCT) calculation is an essential work for
dynamic cutting force prediction accurately in milling process. This study pre‐
sents an integral algorithm in polar coordinate system for measuring the
thickness of transient uncut chip. The milling trajectory, cycloidal motion, is
adopted in the formulation. Both milling continuity and cutter run‐out are also
considered in this model. The developed model offers a methodology for calcu‐
lating the IUCT precisely. Furthermore, a series of simulations are carried out
under different processing parameters. The results suggest that increasing
both the feed per tooth and number of teeth can surge the width of IUCT slight‐
ly, but decrease with smaller cutter radius. The milling force simulations are
validated by the experiment results measured in the reference and compared
with classical approximate method, showing the proposed IUCT model provid‐
ing good applications in instantaneous milling force predictions.
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1. Introduction
Milling is an important processing method in the field of machining. Milling force that originates
in the cutter–workpiece interface is an important factor that affects vibrations, milling efficiency,
surface quality and the chatter stability of CNC tools [1‐3]. Various analytical prediction models
for cutting force have been established to improve the accuracy and reliability of milling force
[4‐6]. These models differ considerably, but the cutting force and IUCT are closely related [7, 8].
Besides, the force prediction accuracy is also important for monitoring of work conditions, such
as tool life, surface roughness, even the machining stability of the milling process [9, 10]. Martel‐
lotti was first to use an approximated formula to calculate chip thickness. The simplified tooth
path is considered as circular and lack of tooth eccentricity or tooth run‐out [11]. The IUCT ex‐
∙ sin , where
is feed per tooth and α is the instan‐
pression of the tooth path is
taneous angular position of the tooth, which is widely used and researched [12, 13]. S. Spiewak
then proposed an improved model of calculating IUCT in milling process. He facilitated stepwise
and orderly increases in model sophistication until a desirable level of performance was
achieved. The application results indicates that the speed, accuracy and reliability of monitoring
and control potentially have been all improved, while the calculation process is rather complex
and time consuming [14]. Another classical model is the one proposed by Li et al. in 2001. In‐
stead of using a numerical method, they calculated the thickness of instantaneous uncut chip
with Taylor’s series by analyzing true tooth trajectories [15]. In Kumanchik’s model, an analytic
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expression for uncut chip thickness in milling process was formulated while considering a series
of impact factors, such as the cycloidal motion of teeth, run‐out, and uneven teeth spacing [16].
Some people then expressed interest in the model through making improvements or modifica‐
tions in the calculations. The main contribution of Ge Song and his co‐authors is their investiga‐
tion on the accurate positions of geometric points in the profile of IUCT with different level of cut
width. This study also adopted the iterative algorithm to improve the accuracy of the thickness
of uncut chip at the chip cross‐section [17]. Chip thickness in circular interpolation was exam‐
ined in 2008. Saï et al. found an opposing trend between chip thickness and the radius of circular
trajectory. The regions or movements of the cutter should be also considered [18]. N. Grossi im‐
proved the trochoidal motion formula by introducing run‐out values by two variables‐ the dis‐
tance (d) between geometric centers of two adjacent cutters and the instantaneous cutter angle
α [19]. However, the present methods for measuring IUCT ignored the true path shape of the
cutter tooth. Most used models entail a circular tool‐path approximation evenly. As mentioned
earlier, cutting force is primarily a function of IUCT in an analytical cutting force approach.
These simplified models could not achieve satisfied accuracy definitely. Besides, Milling is a con‐
tinuous process and the approximate circumferential model considers the IUCT as discrete line
that connects the tool center to the current tooth’s cutting edge which fails to describe the tran‐
sient chip formation and also limits the application scope of formulas.
This study introduces an integral algorithm in polar coordinate system for measuring the
thickness of transient uncut chip. The milling cutter trajectory, cycloidal motion, is adopted in
the novel formula, in which the IUCT is associated with feed rate per teeth, number of teeth and
cutter radius. Both the effect of milling continuity and the cutter run‐out are also considered in
this method. Furthermore, different processing parameters are used to obtain a series of IUCT.
The simulation milling forces are validated by the experiments and the classical method, show‐
ing the advantages and accuracy of using the new proposed method. The nomenclature is given
in the Appendix A.

2. Milling tooth path and equation
Researchers investigated the path of cutter tip during milling. Most of them assumed the tooth
path of cutting points as circular [14]. However, the true path shape of the cutter should be con‐
sidered as a trochoid, which is a more reasonable approach [1, 15]. Fig. 1(a) describes move‐
ment in the direction of a straight line of the milling cutter. The radius of the cutter is assumed
as r, where in the teeth are evenly distributed along the circumference. When the milling cutter
is in clockwise rotation, the total teeth are labeled as 1,2,3, … , i, …, N. The speed of motor spindle
is given as n (r/min).
The feed rate of the workpiece is labeled as (mm/min). Thus, milling feed rate can be calcu‐
lated using the Eqs. 1 and 2 [20]:
∙ ∙
(1)
1000 ∙
∙

(a)

(2)

(b)

Fig. 1 Model for milling cutter rotation: (a) milling along the liner direction; (b) milling tooth trajectory
in Cartesian coordinate system
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Variable
is feed distance per tooth for one cycling, is the rate of cutting, D is cutter diame‐
ter, which is twice the radius of the milling tool. The reasonable parameters can be given accord‐
ing to machining experience.
Cutter movement consists of its own rotation and rectilinear motion along the cutting direc‐
tion. The feed distance of the tool center varies with the rotation angle of the cutter. Thus, feed
mm/rad can be deduced from Eqs. 1 and 2:
distance for per angle
∗

(3)

2

As shown in Fig. 1(b), the initial center of the tool is labeled as , which coincides with the
origin of the Cartesian coordinate system. The direction of the X‐axis is opposite to the feed path
of the workpiece and the Y‐axis is normal to the X‐axis. The Z‐axis is perpendicular to the XOY
coordinate plane and has the same direction as the cut depth. The equations represent the tra‐
jectories of arbitrary cutting point Q, namely i tooth. The tip of i + 1 tooth can be expressed as in
[15]:
sin
(4)
cos
, the instantaneous angle of the cutter, is measured with the positive Y‐axis as reference. Posi‐
i 1 . and
are
tive clockwise is the correct direction of the milling cutter, where
the initial angle of the i tooth. The angle between i tooth and i +1 tooth can be calculated as:
2 /

(5)

3. Integral algorithm for instantaneous uncut chip thickness
3.1 Trajectory equation in polar form
Firstly, we transform the trajectory equation, deduced in Section 2, into the polar coordinate
form. The polar point is coincident with origin . The polar axis along the direction of X‐axis
positive can be found in the Cartesian coordinate system. Counterclockwise direction is assumed
positive in polar angle . The details of transformation are expressed as Eq. 6:
∙ cos
(6)
∙ sin
The polar equation of the trajectory of i tooth can be represented by the following equation:
(7)
The polar equation of the route of i + 1 tooth can be written as Eq. 8:
∙ cos

∙

(8)

∙ sin

Where and are respectively the polar radius of path i and i + 1 tooth, which are denoted as
’ and curve ‘C
’ in Fig. 1(b). We assume that
∙ can be solved and sim‐
curve ‘C
plified easily.
(9)
∙ cos
∙ sin
It is obvious that feed distance is smaller than the cutter radius [13]. Therefore, we determine
the following formula as reasonable when ≪ :
∙ sin

∙ cos

0

(10)

Thus,
∙

∙

(11)

,
and , are the polar angle formed at point A0 and A1, respectively, as
where α ∈
shown in Fig. 1(b). The Y‐axis positive axis is the polar axis where the teeth is cut into and cut
out from the workpiece.
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3.2 Analytical equation based on integral algorithm
Each cutter tooth is periodically engaged in the workpiece during the milling process. Thus, the
IUCT is determined by the shape of two adjacent teeth trajectory when the milling process keeps
steady, as shown in Fig. 2(a). The cuttings produced by each tooth are continuous and shaped by
the cutting teeth. Chip thickness varies with instantaneous position angle in the cutting plane
and the trajectories of the milling cutter [16]. According to the transformation and discussion in
Section 3.1, Eqs. 7 and 11 represented the milling trajectories of the cutter tip attached to two
adjacent teeth in the polar coordinate system. To improve calculation accuracy, the continuity of
each milling tooth in one cycle should not be ignored. The uncut chip region between two adja‐
cent teeth is divided into small regions, as shown in Fig. 2(b).

(b) Micro‐unit of definite integral in polar system

(a) Shape of two adjacent teeth trajectory

Fig. 2 Micro‐unit of definite integral for true milling trajectory

The milling field is taken as the microcell unit and labeled as ΔS for ease of calculation. ΔS can be
expressed by Eq. 12:
∆
(12)
∆
∆
Following unit milling angle , the area is taken as micro‐unit of the definite integral. Eq. 13 can
be described according to the area equation of the curved fan:
∆

1
2

→

1
2

∆

∆

(13)

Thus,
1
2
∙

°

∙

1
2

(14)

°

where ∈
,
1°. The aim is to balance the calculation efficiency and
and
accuracy. As written and discussed in the preceding section, the uncut chip area in the milling
plane can be calculated using Eq. 14, which fully considers the continuity and trochoid of each
tooth path. The uncut chip area can be calculated through Eq. 15:
2

∙

2∙

∙

∙

∙

(15)

where angle α is measured with its polar axis along the direction of X‐axis positive. The above
equation is transformed into connect the instantaneous angle of cutterφ and the area of uncut
chip thickness, where
,

2
The definite integral expression in
2
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∙

2∙

0

(16)

2

,
2
2
is takenas integration variable:
∙

∙

∙

(17)
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Given that the instantaneous angle of cutter varies in small range, the corresponding arc length
and radius can be regarded as approximately vertical. Thus, the shape of the integral section can
be assumed as rectangle. The arc length for per radian can be calculated by Eqs. 18 and 19:
∙
(18)
180
(19)
where and represent per unit angle arc length of trajectory and , respectively. Several
milling parameters are adopted, shown in Fig. 3, to research length variation with rotation angle.
The length of milling path arc for each unit has a small range when specific milling parame‐
ters are given according to the Eqs. 18 and 19. The radius of the cutter significantly affects the
arc length of milling path, as shown in Figs. 3(b) and 3(c).Thus, the mean value calculated ac‐
cording to specific radius is reasonable. The variation of uncut chip thickness with feed distance
is 0.1 and 0.2. The upper and lower extremes of arc length obtained by Eq. 19 are used for calcu‐
lation. Thus, the arc length mean value is employed in the calculation to improve the universality
and accuracy of the proposed equation. The final expression of the uncut chip thickness is given
as:
̅
̅

2

(20)
(21)

S is integral area for per unit angle expressed as Eq. 17. The corresponding milling force based
on the proposed analytical equation is deduced and calculated in the following section for the
model verification.

Fig. 3 Arc length for per milling unit with different milling parameters:
(a)
= 0.2 mm/tooth, r = 10 mm, N = 4; (b)
= 0.1mm/tooth, r = 10 mm, N = 4;
(c)
= 0.1 mm/tooth, r = 5 mm, N = 4; (d)
= 0.2 mm/tooth, r = 10 mm, N =2

4. Milling force calculation based on ICUT
The dynamic cutting force, according to the analytical mode proposed in reference [13], can be
expressed as follows:
(22)
where z is the contact length of cutting edge. During the milling process, both the shearing force
of the primary shear zone and the rubbing force of the tertiary deformation zone exist. The mill‐
Advances in Production Engineering & Management 13(3) 2018
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ing force results depend on the instantaneous uncut chip thickness on the one hand, and on the
other hand, material shear characteristics and the workpiece surface friction status are also
closely related. The IUCT, α , can be calculated as the integral algorithm proposed in Section 3.
/ / ) and
/ / in the equation, are de‐
The specific cutting force coefficients,
termined by the average cutting force correction test [21].
The Eq. 22 can be mapped along the X, Y, and Z‐directions in the Cartesian coordinate system
using the following matrix transition:
cos
sin
0

sin
cos
0

0
0
1

(23)

The cutting force calculation process can be seen in following flowchart, Fig. 4. The computer
programs in Matlab R2012b are carried out to obtain the specific milling force in direction X/Y/Z
in the following section.

Fig. 4 Cutting force calculation flowchart

5. Results and discussion
5.1 Simulation and experiment analysis
Fig. 5 shows the measured milling forces in reference [21] and the simulations with the pro‐
posed integral method for a validation. The comparisons display that the trend of milling forces
is roughly same in direction X, Y and Z. The chosen cutting conditions are listed in Table 1.

Fig. 5 Measured (from Yucesan and Altintas [21]) and predicted cutting forces for half immersion milling;
N = 4, frt = 0.051 mm/tooth, ap = 5.08 mm, v = 30 m/min
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Table 1 Cutting conditions for single flute
Item
Spindle speed
Cutting rate
Feed rate per teeth
Depth of cut
Cutter diameter
Number of teeth
Helix angle
Rake angle
Material
Cutting force coefficients

Parameter
2500 rev/min
30 m/min
0.051 mm/tooth
5.08 mm
100 mm
4
30°
10°
AI 7050
In reference [21]

The measured forces from the reference are slightly larger than the calculations. It is suspect
that the differences come from the specific cutting force coefficients which have large impacts on
the simulations. During the milling process, cutting forces were generated from shearing force
coming from chip formation and ploughing force at the flank of the cutting edge which are two
main components of the cutting force coefficients [11, 19].
Thus, some specific milling tests should be carried out for comparisons when conditions
permitted. In this work we just chose several specific cutting force coefficients for a comparison.
Both the shear and edge cutting force coefficients are assigned according to the references [12,
21]. The developed integral IUCT model is used for milling force calculation compared with the

sin  with one single flute, as shown in
results obtained by the approximate model
Fig. 6.
The specific cutting condition is list in Table 2. The milling force with proposed integral mod‐
el in X/Y/Z directions does not conform to those with approximate model through the whole
cutting range, especially the milling force in horizontal machining surface. It is noted that the
forces in the direction of X and Y are affected by the cutter tooth trajectory obviously. It is sup‐
posed that the trochoid motion of the tooth path causes a phase lag in the IUCT [15]. The maxi‐
mum appears at 117°, not at 90°, where the milling force peak, in the X‐direction, is about 250 N
which is slightly larger than that calculated by approximate model. The integral algorithm re‐
flects the continuity of milling process that is considered as the reason why the values are differ‐
ent at specific rotation angle. The proposed integral model for milling force prediction has good
accuracy. In particular, it provides a better reference for predicting the rotation angle location of
the maximum cutting force. While there are fine distinctions in Z direction and the fluctuations
are also very little. It is suggested that cutting force in Z direction does nothing but depth of cut.
However, the proposed integral equation ignores the effect of angle at cutting in and cutting out
position. The milling force at 0° and 180°may not be accurate enough during the milling process.
In addition, the analytic equation merely considers feeding movement as a straight line. But oth‐
er milling conditions are not included such as the cutter centre follows a circular motion. The
variation of IUCT may differ, as well as the calculation model, which should be explored further.

Fig. 6 Comparison of milling force results with different calculation models
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Table 2 Cutting conditions for single flute
Item
Cutting speed (m/min)
Feed rate per teeth (mm/z)
Depth of cut(mm)
Cutter diameter(mm)
Number of teeth
Helix angle
Rake angle
Material
Cutting force coefficients

Parameter
100m/min
0.06mm/tooth
2mm
16mm
1
0°
6°
AISI 1045
In reference [12]

5.2 Effect of milling parameters on chip thickness
A variety of milling parameters, such as number of teeth, feed distance per tooth and milling
cutter radius, are included in the analytical equation, which have a significant impact on the
thickness of instantaneous uncut chip. Thus, in the following section the influence of the parame‐
ters is analysed. The results are shown in Fig. 7 and Fig. 8. Fig. 7(a) shows that when the feed
rate for per tooth increases from 0.1 mm to 0.2 mm, the IUCT increases at the same time.

(a)

Angle

(b)
Angle
Fig. 7 (a) Effect of different feeding distance on uncut chip thickness (f = 0.1 mm/tooth and 0.2 mm/tooth, r = 8 mm,
N = 4); (b) Effect of different number of tooth on uncut chip thickness ( = 0.2 mm/tooth, r = 8 mm, N = 2/4)

The width value of IUCT becomes bigger with more cutter teeth, as shown in Fig.7 (b). It is be‐
lieved that this mainly comes from more teeth milling simultaneously, which induce in thermo‐
visco‐plastic strength changes between adjacent teeth in the material. It can be deduced that it is
in favour of micro milling process and improving roughness of the machined surface with multi‐
teeth cutter.
Fig. 8 shows the effect of cutter radius on the IUCT obtained by simulating under different
radius. It is shown that the ICUT decrease when the cutter radius increase from 5 mm to 8 mm. It
is supposed that small radius tools could improve the metal removing rate that is more suitable
for machining precise part with small volume. It is noticeable that the results in Figs. 7 and 8
show that the maximum value of the IUCT appears at the rotation angle of 117° approximatively,
which are consistent with the milling force results described in Fig. 6.

Fig. 8 Effect of different radius of milling cutter on uncut chip thickness (
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= 0.2mm/tooth, r = 5 mm and 8 mm, N = 4)
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6. Conclusion
A method based on polar integral algorithm for calculating the thickness of transient uncut chip
thickness is proposed for the cutting force predictions in milling process. The analytical equation
is also suitable for engineering application. The main findings of the research:

• True milling trajectory considered as trochoid motion was established in the polar coordinates. Both milling continuity and milling trajectory are considered when developing a
new model for IUCT calculations. The new developed model offers a methodology for calculating the IUCT precisely.
• The milling forces obtained by experiment in reference [21] and simulations with the developed IUCT model are compared in the paper. The integral model proves to be more
reasonable in terms of the location where the peak appears. Results indicate that the outcomes followed by the polar integral algorithm are close to the reality.
• Different process parameters are simulated and compared according to the results calculated by proposed model. The comparisons suggest that increasing both the feed per tooth
and number of teeth can surge the width of IUCT slightly, but decrease with smaller cutter
radius.
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Appendix A
Nomenclature
𝑇𝑇𝑡𝑡 (𝛼𝛼)
𝜑𝜑
𝑓𝑓𝑟𝑟𝑟𝑟
r
N
n
𝑣𝑣𝑓𝑓
𝑣𝑣
D
𝑓𝑓𝑟𝑟𝑟𝑟𝑟𝑟
𝜑𝜑𝑖𝑖
𝜃𝜃
𝜑𝜑0
𝛼𝛼
𝜌𝜌𝑖𝑖 (𝑖𝑖 = 0,1)
ΔS
𝛼𝛼𝑘𝑘
𝛿𝛿𝑖𝑖 (𝑖𝑖 = 0,1)
𝑆𝑆
𝑙𝑙𝑖𝑖 (𝑖𝑖 = 1,2)
𝑙𝑙 ̅
𝑇𝑇𝑛𝑛 (𝛼𝛼)
z
𝐾𝐾𝑖𝑖𝑖𝑖 (𝑖𝑖 = 𝑡𝑡/𝑟𝑟/𝑎𝑎)
𝐾𝐾𝑖𝑖𝑖𝑖 (𝑖𝑖 = 𝑡𝑡/𝑟𝑟/𝑎𝑎)
𝑎𝑎𝑃𝑃
𝑑𝑑𝐹𝐹𝑖𝑖 (𝑖𝑖 = 𝑥𝑥/𝑦𝑦/𝑧𝑧)
fin/fout
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IUCT calculated by traditional model
Instantaneous cutter angle
Feed per tooth
Radius of milling cutter
Number of cutter tooth
Spindle speed
Feed rate of the workpiece
Rate of cutting
Cutter diameter
Feed per rad
Instantaneous cutter angle of the i-th tooth
Cutter pitch angle
Initial angle of the cutter
Instantaneous cutter angle in polar system
Polar radius of trajectory for i-th tooth
Microcell unit of milling field
Unit milling angle
Lower and upper limit of integral
IUCT area of unit milling angle
Arc length of trajectory per radian
Mean value of arc length
IUCT calculated by proposed integral model
Cutting edge contact length
Tangential/radial/axial shearing force coefficients
Tangential/radial/axial edge force coefficients
Depth of cut
Instantaneous cutting force in X-, Y- and Z-direction
Entry/ Exit angle
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