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A B S T R A C T A R T I C L E   I N F O 
The paper presents the numerical simulation of quenching cylindrical steel 
sample immersed in three different quenchants: water, 5 % aquatensid solu-
tion, and isorapid oil. The quenching process starts from the initial tempera-
ture of the cylinder at 850 °C and moves through the air until it reaches the 
quenching bath. The quenchant is held at constant temperature of 40 °C. The 
cylinder is made of carefully selected steel which does not change its structure 
during quenching and heating. Cylindrical samples were manufactured in three 
different dimensions (R, H), (mm): (12.5 × 100), (25 × 150) and (37.5 × 225), 
so that four measuring points were installed in each sample. Each measuring 
point consists of thermocouple installed beneath the cylinder surface, capable 
of measuring the temperature every half second. Based on the experiment, the 
numerical simulation is recognized as transient and nonlinear two-dimen-
sional heat conduction problem consisting of the two main tasks: direct heat 
transfer problem (DHTP) and inverse heat transfer problem (IHTP). The paper 
proposes a new multi-objective optimization approach for the estimation of 
heat transfer coefficients during the numerical simulation of quenching cylin-
drical steel sample. The proposed approach gained better results and less con-
vergence time compared to the results from the literature. The paper includes 
methods, algorithms and the source code for the calculation of the temperature 
fields in time and heat transfer coefficient estimation of the IHTP. The simula-
tion software has been implemented in C# programming language and can be 
found at http://github.com/bhrnjica/quenching_simulation. 
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1. Introduction
Quenching is the key of the heat treatment process which improves the material properties. How-
ever, when not controlled, the quenching can significantly damage the material in form of cracks 
and distortions. For this reason, the quenching process should be carefully controlled to gain op-
timal quenching process with expected material properties [1]. These two consequences of the 
quenching process are opposite to each other which means that the higher quenching intensity 
achieves greater depth of hardening but also increases possibilities of the deformation and size 
change [2]. This demonstrates the complexity of the quenching process and indicates the need for 
the optimization of process parameters to control the quenching intensity. From the mathematical 
point of view, the quenching is transient nonlinear process where all variables could be changed 
in time. The quenching temperature field 𝜗𝜗 is a function of the coordinates and time as well as the 
material properties, e.g. density of material 𝜌𝜌, thermal capacity 𝑐𝑐, and conductivity coefficient 𝜆𝜆. 

http://github.com/bhrnjica/quenching_simulation
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During quenching, the temperature change cannot be measured at the surface of the workpiece 
which indicates inability to calculate the heat transfer coefficient needed for the boundary condi-
tions for the partial differential equation of the heat transfer. This limits the formulation of the 
quenching process and the optimization of the quenching parameters [3, 4]. To successfully per-
form numerical simulation, the determination of the heat transfer coefficients on the workpiece 
surface must be known at any time of the quenching process. There are many approaches to the 
estimation of the heat transfer coefficient in the literature, and almost all are based on the princi-
ple to measure the temperature inside the computational domain [5, 6].  

Once the temperature in the computational domain is known, the parameters calculation can 
be estimated by using the IHTP procedure [7]. Since 
the quenching process goes through three different 
phases: film boiling, nucleate boiling and convec-
tion [8], the heat transfer coefficient passes through 
three different value ranges [9]. In case of the first 
and the third phase of the quenching process, the 
heat transfer coefficient can be identified with sta-
ble value range, while the second phase indicates 
very unstable value ranges with high gradients up 
to 20000 W/cm (Fig. 1). 
      Most of the available literature estimate the heat 
transfer coefficient only for the side of the cylinder, 
while the heat transfer coefficients of the bases are 
neglected. This state is assumed when height of the 
cylinder is much greater than the cylinder radius (H 
>> R). This paper considers heat transfer coefficient 
for all three cylinder’s surfaces which increased the 
complexity of the quenching numerical model. The 
heat transfer coefficients at all sides show different 
behaviour since they pass different quenching con-
ditions at the same time. Moreover, the heat trans-
fer coefficient at the side of the cylinder is not con-
stant, and depends of the height of the cylinder.  
 

Fig. 1 Heat transfer coefficient around the cylinder 
when all quenching phases are presented 
 
This is obvious because the immersion of the cylinder goes vertically (Fig. 1). However, the heat 
transfer of the cylinder bases can be considered constant at the time since the area of the base 
surface is affected with the same boundary condition. 

2. Methods 
2.1 Mathematical description of DHTP 

Quenching process is a typical transient problem, thus the temperature field of any point in the 
body can be expressed as a function of coordinates and time [10]: 

𝜗𝜗 = 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡) (1) 

In general form, Fourier’s heat transfer differential equation describes a nonlinear three-dimen-
sional nonstationary conduction of heat through an orthotropic solid in space and time: 

𝜌𝜌 𝑐𝑐
𝜕𝜕𝜗𝜗
𝜕𝜕𝑡𝑡

=
𝜕𝜕
𝜕𝜕𝑥𝑥

� 𝜆𝜆𝑥𝑥 ∙
𝜕𝜕𝜗𝜗
𝜕𝜕𝑥𝑥
� +

𝜕𝜕
𝜕𝜕𝑦𝑦

� 𝜆𝜆𝑦𝑦 ∙  
𝜕𝜕𝜗𝜗
𝜕𝜕𝑦𝑦
� +

𝜕𝜕
𝜕𝜕𝑧𝑧
� 𝜆𝜆𝑧𝑧 ∙  

𝜕𝜕𝜗𝜗
𝜕𝜕𝑧𝑧
� + Φ𝑣𝑣 (2) 
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The computational domain of the presented work is the cylinder, so the temperature field is better 
expressed in the cylindrical coordinates. The previous expression can be transformed into cylin-
drical coordinates by involving transformation matrix, hence it assumes the following trans-
formed expression [11]: 

𝜌𝜌 𝑐𝑐
𝜕𝜕𝜗𝜗
𝜕𝜕𝑡𝑡

=
1
𝑟𝑟

 ∙  
𝜕𝜕
𝜕𝜕𝑟𝑟
�𝑟𝑟 𝜆𝜆𝑟𝑟 ∙

𝜕𝜕𝜗𝜗
𝜕𝜕𝑟𝑟
� +

1
𝑟𝑟2

 ∙  
𝜕𝜕
𝜕𝜕𝜕𝜕

�𝑟𝑟 𝜆𝜆𝜑𝜑 ∙  
𝜕𝜕𝜗𝜗
𝜕𝜕𝜕𝜕

� +
𝜕𝜕
𝜕𝜕𝑧𝑧
� 𝜆𝜆𝑧𝑧 ∙  

𝜕𝜕𝜗𝜗
𝜕𝜕𝑧𝑧
� + Φ𝑣𝑣  (3) 

in which 𝜌𝜌, 𝑐𝑐, 𝜆𝜆𝑟𝑟, 𝜆𝜆𝜑𝜑,𝜆𝜆𝑧𝑧 are material properties: density, thermal coefficient and thermal conduc-
tivity in 𝑟𝑟, 𝜕𝜕 and 𝑧𝑧 directions of the cylindrical coordinates respectively, 𝜗𝜗 temperature of a point, 
𝑡𝑡 time and 𝛷𝛷𝑣𝑣  – volumetric heat source. 

For isotropic solid (𝜆𝜆 = 𝜆𝜆𝑟𝑟 = 𝜆𝜆𝜑𝜑 = 𝜆𝜆𝑧𝑧) without internal source (𝛷𝛷𝑣𝑣 = 0), the temperature 
gradient in circular direction is neglected (𝜕𝜕𝜗𝜗/𝜕𝜕𝜕𝜕 = 0), and the final equation of axisym-
metric problem becomes: 

𝜌𝜌 𝑐𝑐
𝜕𝜕𝜗𝜗
𝜕𝜕𝑡𝑡

= �𝜆𝜆𝑟𝑟
𝜕𝜕2𝜗𝜗
𝜕𝜕𝑟𝑟

+ 𝜆𝜆𝑟𝑟
1
𝑟𝑟
∙
𝜕𝜕𝜗𝜗
𝜕𝜕𝑟𝑟

+ 𝜆𝜆𝑧𝑧
𝜕𝜕2𝜗𝜗
𝜕𝜕𝑧𝑧

� (4) 

Due to high temperature of the quenching process, the variables 𝜆𝜆(𝜗𝜗) and 𝑐𝑐(𝜗𝜗) are dependent of 
the current temperature 𝜗𝜗 which makes the 
quenching process nonlinear transient prob-
lem. Due to the geometrical beauty of the cyl-
inder, computational domain of the partial 
differential Eq. 4 can be reduced to the rec-
tangle (𝑅𝑅 × 𝐻𝐻) (Fig. 2).  

Fig. 2 shows discretisation of the computa-
tional domain and transition from the 3D into 
2D axisymmetric problem. The new computa-
tional domain is the rectangle consisting of 4 
edges. The first three edges (boundaries) (𝛤𝛤1, 
𝛤𝛤2 and 𝛤𝛤3) are involved in heat transfer with 
specific heat transfer coefficient (HTC), while 
the fourth boundary (𝛤𝛤4) is symmetric axis 
where the heat flux is equal to zero. Heat 
transfer across boundaries 𝛤𝛤1, 𝛤𝛤2, and 𝛤𝛤3 is de-
fined by the balance of Fourier’s and New-
ton’s laws of conduction and heat transfer.  
 

Fig. 2 Computational domain of the cylinder as  
axisymmetric domain rectangle 

2.2 Initial and boundary conditions of the axisymmetric heat transfer  

Due to the second order of the partial differential Eq. 4, the initial and the boundary conditions 
must be defined to completely define the equation. 

The initial condition defines the initial temperature on any points in the computational domain: 
𝜗𝜗(𝑟𝑟,𝜕𝜕, 𝑧𝑧) = 𝜗𝜗0, for 𝑡𝑡 =  0 (5) 

The boundary conditions are defined on each edge of the rectangle. They are boundary conditions 
of third kind. The bottom edge 𝛤𝛤1, where 𝑧𝑧 =  0 and 0 ≤  𝑟𝑟 ≤  𝑅𝑅, the boundary conditions can be 
expressed as: 

−𝜆𝜆(𝜗𝜗) 
𝜕𝜕𝜗𝜗
𝜕𝜕𝑧𝑧

= 𝛼𝛼Γ1(𝜗𝜗 − 𝜗𝜗∞) (6) 

where 𝛼𝛼Γ1 is the HTC at the bottom edge, 𝜗𝜗 is the temperature at the edge, and 𝜗𝜗∞ is the ambient 
temperature. 

The upper edge 𝛤𝛤3, where 𝑧𝑧 = 𝐻𝐻 and 0 ≤  𝑟𝑟 ≤  𝑅𝑅, the boundary conditions are expressed as: 
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−𝜆𝜆(𝜗𝜗) 
𝜕𝜕𝜗𝜗
𝜕𝜕𝑧𝑧

= 𝛼𝛼Γ3(𝜗𝜗 − 𝜗𝜗∞) (7) 

in which 𝛼𝛼Γ3 is the HTC at the upper edge. Along the bottom and top edges, the HTCs are constant 
at time 𝑡𝑡𝑖𝑖. 

The boundary conditions at the right edge 𝛤𝛤2, where 𝑟𝑟 = 𝑅𝑅 and 0 ≤  𝑧𝑧 ≤ 𝐻𝐻, can be expressed as: 

−𝜆𝜆(𝜗𝜗) 
𝜕𝜕𝜗𝜗
𝜕𝜕𝑟𝑟

= 𝛼𝛼Γ2  (𝜗𝜗 − 𝜗𝜗∞) (8) 

in which 𝛼𝛼𝛤𝛤2 is the HTC at the right edge. Note that the 𝛼𝛼Γ2 is not constant, but rather a function of 
𝑧𝑧 coordinate (𝛼𝛼Γ2 = 𝑓𝑓(𝑧𝑧)). 

At the left edge 𝛤𝛤4 where 𝑟𝑟 = 0 and 0 ≤ 𝑧𝑧 ≤ 𝐻𝐻, the boundary represents the adiabatic border 
(𝑞𝑞(𝑟𝑟=0) = 0) where the temperature gradient is equal to zero (Fig. 2): 

�
𝜕𝜕𝜗𝜗
𝜕𝜕𝑟𝑟
�

(𝑟𝑟=0)
= 0 (9) 

2.3 HTC calculation of the computational domain  

By defining the boundary conditions (Eqs. 6 to 9), the HTCs of the three edges are unknown and 
must be resolved to compute DHTP. The computation of the HTCs is usually performed experi-
mentally. To compute the HTC, the ambient and the tempera-
ture at the edges of the rectangle domain must be measured. 
However, measurement of the temperature at the edge cannot 
be performed because the measuring thermo-couples would be 
directly exposed to the heat source during heating phase. In-
stead of measuring the temperature at the edges, the thermo-
couples can be installed beneath the cylindrical surfaces, so that 
they can measure the temperatures at some points in the com-
putational domain. One such layout of installed thermo-couples 
is depicted in Fig. 3.  

The three thermo-couples are installed 1.5 mm beneath the 
right edge Γ2, spreading equally along the height. The fourth 
thermo-couple is installed at the midpoint of the symmetry 
axes. With such layout of the measuring points, the HTCs still 
cannot be computed directly, and the boundary conditions can-
not be resolved. However, the inverse form of the problem can 
be stated, so that instead of calculating the HTC at edges, the 
values are computed by minimizing the value of the objective 
function which is usually squared error between measured and 
calculated temperatures. In this paper, the calculation of the 
HTCs at edges is performed by using three measuring points, 
and bilinear interpolation. 

 

Fig. 3 Approximated HTC distributions along  
edges of the computational domain 

 
In case of the bilinear interpolation the HTC value is expressed as (Fig. 3): 

𝛼𝛼(𝑧𝑧) =

⎩
⎪
⎨

⎪
⎧ 𝛼𝛼(1) +

�𝛼𝛼(2) − 𝛼𝛼(1)�
𝑧𝑧2 − 𝑧𝑧1

, 0 ≤ 𝑧𝑧 ≤
𝐻𝐻
2

𝛼𝛼(2) +
�𝛼𝛼(3) − 𝛼𝛼(2)�
𝑧𝑧3 − 𝑧𝑧2

,
𝐻𝐻
2

<  𝑧𝑧 ≤ 𝐻𝐻
 (10) 
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The HTC values at the bottom and top edges 𝛼𝛼Γ1 and 𝛼𝛼Γ2 are calculated by using Eq. 10 for 𝑧𝑧 =
0 and 𝑧𝑧 = 𝐻𝐻, respectively. The HTC value at the right edge 𝛼𝛼Γ3(𝑧𝑧) directly depends on the 𝑧𝑧 coor-
dinate. 

2.4 Variational form and finite element method of the heat transfer differential equation 

The presented problem is completely defined 
with the Eq. system 4 to 9. In order to solve the 
differential Eq. 4 using finite element method 
(FEM) the variational form of the Eq. 4 must be 
derived. Variational form can be derived by us-
ing procedure described in three steps [13]. The 
first step is performed by taking the scalar prod-
uct of the weighted function and the Eq. 4, and 
taking the integral over the computational do-
main. In the next step, the partial integration 
and Green Theorem are used in order to evalu-
ate the integral over the boundary. In the last 
step, the weighted function is replaced with the 
variation of the temperature field function, and 
the integrals are evaluated over the boundary. 
After performing all three steps, the final ex-
pression of the variational form of the Eq. 4, in-
cluding the boundary conditions (Eqs. 6 to 9), is 
shown as:  

Fig. 4 Discretization of the cylinder profile (right) 
 

𝐼𝐼 =
1
2
��𝜆𝜆 𝑟𝑟 �

𝜕𝜕𝜗𝜗
𝜕𝜕𝑟𝑟
�
2

+ 𝜆𝜆 𝑟𝑟 �
𝜕𝜕𝜗𝜗
𝜕𝜕𝑧𝑧
�
2

+ 2 �𝜌𝜌𝑐𝑐𝑟𝑟 ∙
𝜕𝜕𝜗𝜗
𝜕𝜕𝑡𝑡
�𝜗𝜗� 𝑑𝑑Ω +

1
2
�𝑟𝑟 𝛼𝛼Γ1  (𝜗𝜗 − 𝜗𝜗∞)2 𝑑𝑑Γ1 
Γ1Ω

+
1
2
�𝑟𝑟 𝛼𝛼Γ2  (𝜗𝜗 − 𝜗𝜗∞)2 𝑑𝑑Γ2 +

1
2
�𝑟𝑟 𝛼𝛼Γ3  (𝜗𝜗 − 𝜗𝜗∞)2 𝑑𝑑Γ3 
Γ3

 
Γ2

 

(11) 

The FEM procedure starts by dividing the computation domain Ω into 𝑁𝑁 nodes which define 𝐸𝐸 
finite elements and minimize the functional of the Eq. 11 for each finite element. Discretization of 
the computational domain is performed by using triangle finite elements with three nodes 𝑖𝑖, 𝑗𝑗 and 
𝑘𝑘 (Fig. 4). 

The spatial approximation of the temperature field 𝜗𝜗(𝑒𝑒) above a triangle 𝑒𝑒 is defined as matrix 
product of the shape functions [N] and the nodal temperatures {𝜗𝜗} of a triangular finite element 
𝑒𝑒(𝑖𝑖, 𝑗𝑗,𝑘𝑘): 

𝜗𝜗(𝑒𝑒) = [𝑁𝑁𝑖𝑖 𝑁𝑁𝑗𝑗 𝑁𝑁𝑘𝑘]�
𝜗𝜗𝑖𝑖 
𝜗𝜗𝑗𝑗
𝜗𝜗𝑘𝑘
� = [𝑁𝑁]{𝜗𝜗} (12) 

The shape functions for the 3-node triangle finite element are: 

𝑁𝑁𝑖𝑖 =
1

2𝐴𝐴
(𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑟𝑟 + 𝑐𝑐𝑖𝑖𝑧𝑧),𝑁𝑁𝑗𝑗 =

1
2𝐴𝐴

�𝑎𝑎𝑗𝑗 + 𝑏𝑏𝑗𝑗𝑟𝑟 + 𝑐𝑐𝑗𝑗𝑧𝑧�,𝑁𝑁𝑘𝑘 =
1

2𝐴𝐴
(𝑎𝑎𝑘𝑘 + 𝑏𝑏𝑘𝑘𝑟𝑟 + 𝑐𝑐𝑘𝑘𝑧𝑧) (13) 

where 𝐴𝐴 is area of the triangle, and 𝑎𝑎, 𝑏𝑏 and 𝑐𝑐 are coefficients [12]. 
Combining the Eqs. 11 and 12, the variational form of any finite element in the computation 

domain (Fig. 4) can be expressed as: 
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𝐼𝐼(𝑒𝑒) =
1
2
��𝜆𝜆 𝑟𝑟 �

𝜕𝜕𝜗𝜗(𝑒𝑒)

𝜕𝜕𝑟𝑟 �
2

+ 𝜆𝜆 𝑟𝑟 �
𝜕𝜕𝜗𝜗(𝑒𝑒)

𝜕𝜕𝑧𝑧 �
2

+ 2�𝜌𝜌𝑐𝑐𝑟𝑟 ∙
𝜕𝜕𝜗𝜗(𝑒𝑒)

𝜕𝜕𝑡𝑡 �𝜗𝜗(𝑒𝑒)� 𝑑𝑑Ω
Ω(𝑒𝑒)

+
1
2
�𝑟𝑟 𝛼𝛼Γ1 �𝜗𝜗(𝑒𝑒) − 𝜗𝜗∞�

2
 𝑑𝑑Γ1 

Γ1(𝑒𝑒)

+
1
2
�𝑟𝑟 𝛼𝛼Γ2 �𝜗𝜗(𝑒𝑒) − 𝜗𝜗∞�

2
 𝑑𝑑Γ2 +

1
2
�𝑟𝑟 𝛼𝛼Γ3  �𝜗𝜗(𝑒𝑒) − 𝜗𝜗∞�

2
 𝑑𝑑Γ3 

Γ3(𝑒𝑒)

 
Γ2(𝑒𝑒)

 

(14) 

The minimization process starts by taking the derivative of the Eq. 14 by nodal temperature 𝜗𝜗𝑖𝑖, 𝜗𝜗𝑗𝑗 
and 𝜗𝜗𝑘𝑘 of every finite element. 

 
𝜕𝜕𝐼𝐼(𝑒𝑒)

𝜕𝜕𝜗𝜗𝑖𝑖
= 0 (15) 

Combining the Eqs. 15 and 14 the minimization of the functional 𝐼𝐼(𝑒𝑒) for a particular node tem-
perature 𝜗𝜗𝑖𝑖 of the finite element 𝑒𝑒 is expressed as: 

𝜕𝜕𝐼𝐼(𝑒𝑒)

𝜕𝜕𝜗𝜗𝑖𝑖
= � �𝜆𝜆 ∙ 𝑟𝑟 ∙

𝜕𝜕𝜗𝜗(𝑒𝑒)

𝜕𝜕𝑟𝑟
𝜕𝜕
𝜕𝜕𝜗𝜗𝑖𝑖

�
𝜕𝜕𝜗𝜗(𝑒𝑒)

𝜕𝜕𝑟𝑟 �+ 𝜆𝜆 ∙ 𝑟𝑟 ∙
𝜕𝜕𝜗𝜗(𝑒𝑒)

𝜕𝜕𝑧𝑧
𝜕𝜕
𝜕𝜕𝜗𝜗𝑖𝑖

�
𝜕𝜕𝜗𝜗(𝑒𝑒)

𝜕𝜕𝑧𝑧 �
Ω(𝑒𝑒)

+ 2�𝜌𝜌 ∙ 𝑐𝑐 ∙ 𝑟𝑟 ∙
𝜕𝜕𝜗𝜗(𝑒𝑒)

𝜕𝜕𝑡𝑡 �
𝜕𝜕𝜗𝜗(𝑒𝑒)

𝜕𝜕𝜗𝜗𝑖𝑖
� 𝑑𝑑Ω

+ � 𝑟𝑟 ⋅ 𝛼𝛼Γ1  �𝜗𝜗(𝑒𝑒) − 𝜗𝜗∞�
𝜕𝜕𝜗𝜗(𝑒𝑒)

𝜕𝜕𝜗𝜗𝑖𝑖
 𝑑𝑑Γ1

Γ1(𝑒𝑒)

+ � 𝑟𝑟 ⋅ 𝛼𝛼Γ2  �𝜗𝜗(𝑒𝑒) − 𝜗𝜗∞�  
𝜕𝜕𝜗𝜗(𝑒𝑒)

𝜕𝜕𝜗𝜗𝑖𝑖
𝑑𝑑Γ2 + � 𝑟𝑟 ⋅ 𝛼𝛼Γ2  �𝜗𝜗(𝑒𝑒) − 𝜗𝜗∞�

𝜕𝜕𝜗𝜗(𝑒𝑒)

𝜕𝜕𝜗𝜗𝑖𝑖
 𝑑𝑑Γ3

Γ3(𝑒𝑒)

 
Γ2(𝑒𝑒)

 

(16) 

Line integrals in the Eq. 16 are equal to zero for nodes that do not lie on surfaces 𝛤𝛤1
(𝑒𝑒), 𝛤𝛤2

(𝑒𝑒), 𝛤𝛤3
(𝑒𝑒) 

(Fig. 4).  
The Eq. 16 can be further simplified into: 

𝜕𝜕𝐼𝐼(𝑒𝑒)

𝜕𝜕𝜗𝜗𝑖𝑖
= � �

𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝑟𝑟

∙ 𝜆𝜆 ∙ 𝑟𝑟 ∙
𝜕𝜕
𝜕𝜕𝑟𝑟

([𝑁𝑁]) ∙ {𝜗𝜗}𝑒𝑒 +
𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝑧𝑧

∙ 𝜆𝜆 ∙ 𝑟𝑟 ∙
𝜕𝜕
𝜕𝜕𝑧𝑧

(𝑁𝑁) ∙ {𝜗𝜗}𝑒𝑒 ∙ +2 ∙ 𝜌𝜌 ∙ 𝑐𝑐 ∙ 𝑟𝑟 ∙ 𝑁𝑁𝑖𝑖 ∙ [𝑁𝑁]
Ω(𝑒𝑒)

∙
𝜕𝜕 
𝜕𝜕𝑡𝑡

{𝜗𝜗}𝑒𝑒� 𝑑𝑑Ω(𝑒𝑒)

+ � 𝑁𝑁𝑖𝑖 ∙ 𝑟𝑟 ∙ 𝛼𝛼Γ1  �𝜗𝜗(𝑒𝑒) − 𝜗𝜗∞� 𝑑𝑑Γ1
Γ1

+ � 𝑁𝑁𝑖𝑖 ∙ 𝑟𝑟 ∙ 𝛼𝛼Γ2  �𝜗𝜗(𝑒𝑒) − 𝜗𝜗∞� 𝑑𝑑Γ2 + � 𝑁𝑁𝑖𝑖 ∙ 𝑟𝑟 ∙ 𝛼𝛼Γ3 �𝜗𝜗(𝑒𝑒) − 𝜗𝜗∞� 𝑑𝑑Γ3
Γ3

 
Γ2

 

(16a) 

Similar expression is obtained when using 𝑗𝑗 and 𝑘𝑘 nodes of the triangle finite element 𝑒𝑒. By group-
ing nodes 𝑖𝑖, 𝑗𝑗 and 𝑘𝑘 into the finite element 𝑒𝑒, the expressions can be transformed into final matrix 
equation: 

𝜕𝜕𝐼𝐼(𝑒𝑒)

𝜕𝜕{𝜗𝜗}(𝑒𝑒) = ��𝐾𝐾1
(𝑒𝑒)� + �𝐾𝐾2

(𝑒𝑒)�� {𝜗𝜗} + �𝐾𝐾3
(𝑒𝑒)�

𝜕𝜕
𝜕𝜕𝑡𝑡

{𝜗𝜗}(𝑒𝑒) − �𝑓𝑓(𝑒𝑒)� = 0 (17) 
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The Eq. 17 is defined with stiffens matrix �𝐾𝐾1
(𝑒𝑒)�, convective matrix �𝐾𝐾2

(𝑒𝑒)�, the capacitance matrix 

�𝐾𝐾3
(𝑒𝑒)� and the vector of nodal loads �𝑓𝑓(𝑒𝑒)� which have the following forms: 

Ω(𝑒𝑒) = 2𝑟𝑟𝑟𝑟 ⋅ A(𝑒𝑒) = 𝑟𝑟 ⋅ 𝑟𝑟�𝑟𝑟𝑖𝑖 ∙ �𝑧𝑧𝑗𝑗 − 𝑧𝑧𝑘𝑘� + 𝑟𝑟𝑗𝑗 ∙ (𝑧𝑧𝑘𝑘 − 𝑧𝑧𝑖𝑖) + 𝑟𝑟𝑘𝑘 ∙ �𝑧𝑧𝑖𝑖 − 𝑧𝑧𝑗𝑗��, 
 

�𝐾𝐾1
(𝑒𝑒)� =  �

⎣
⎢
⎢
⎢
⎢
⎡
𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝑟𝑟

𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝑧𝑧

𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝑟𝑟

𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝑟𝑟

𝜕𝜕𝑁𝑁𝑘𝑘
𝜕𝜕𝑟𝑟

𝜕𝜕𝑁𝑁𝑘𝑘
𝜕𝜕𝑧𝑧 ⎦

⎥
⎥
⎥
⎥
⎤

⋅ 𝜆𝜆 ∙ 𝑟𝑟 �1 0
0 1� ⋅ �

𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝑟𝑟

𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝑟𝑟

𝜕𝜕𝑁𝑁𝑘𝑘
𝜕𝜕𝑟𝑟

𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝑧𝑧

𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝑧𝑧

𝜕𝜕𝑁𝑁𝑘𝑘
𝜕𝜕𝑧𝑧

� ⋅ 𝑑𝑑Ω(𝑒𝑒)

Ω(𝑒𝑒)

,  

�𝐾𝐾2
(𝑒𝑒)� = � � αΓ1 ∙ [𝑁𝑁]𝑇𝑇[𝑁𝑁] ∙ �

𝑟𝑟𝑖𝑖
𝑟𝑟𝑗𝑗
𝑟𝑟𝑘𝑘
� 𝑑𝑑Γ1 + � αΓ2 ∙ [𝑁𝑁]𝑇𝑇 ∙ [𝑁𝑁] ∙ �

𝑟𝑟𝑖𝑖
𝑟𝑟𝑗𝑗
𝑟𝑟𝑘𝑘
�𝑑𝑑Γ2

Γ2Γ1

+ � αΓ3 ∙ [𝑁𝑁]𝑇𝑇 ∙ [𝑁𝑁] ∙ �
𝑟𝑟𝑖𝑖
𝑟𝑟𝑗𝑗
𝑟𝑟𝑘𝑘
� 𝑑𝑑Γ3

Γ3

�, 

�𝐾𝐾3
(𝑒𝑒)� = � �2 ∙ 𝜌𝜌 ∙ 𝑐𝑐 ∙ 𝑟𝑟 ∙ �

𝑁𝑁𝑖𝑖
𝑁𝑁𝑗𝑗
𝑁𝑁𝑘𝑘
� ∙ [𝑁𝑁𝑖𝑖 𝑁𝑁𝑗𝑗 𝑁𝑁𝑘𝑘]� ∙

Ω(𝑒𝑒)

𝑑𝑑Ω(𝑒𝑒)

= � � 2 ∙ 𝜌𝜌 ∙ 𝑐𝑐 ∙ 𝑟𝑟 ∙ [𝑁𝑁]𝑇𝑇 ∙ [𝑁𝑁] ∙
Ω(𝑒𝑒)

𝑑𝑑Ω(𝑒𝑒)�, 

�𝑓𝑓(𝑒𝑒)� = � � 𝑟𝑟 ⋅  αΓ1 ∙ 𝜗𝜗∞ ∙ �
𝑁𝑁𝑖𝑖
𝑁𝑁𝑗𝑗
𝑁𝑁𝑘𝑘
� ∙ 𝑑𝑑Γ1

Γ1

+ � 𝑟𝑟 ⋅ αΓ2 ∙ 𝜗𝜗∞ ∙ �
𝑁𝑁𝑖𝑖
𝑁𝑁𝑗𝑗
𝑁𝑁𝑘𝑘
� ∙ dΓ2

Γ2

+ � 𝑟𝑟 ⋅ αΓ3 ∙ 𝜗𝜗∞ ∙ �
𝑁𝑁𝑖𝑖
𝑁𝑁𝑗𝑗
𝑁𝑁𝑘𝑘
� ∙ 𝑑𝑑Γ3

Γ3

� 

 
 

(18) 

The final form of the finite element equation is given when the first two matrices are combined 
and the third is renamed as �𝐾𝐾3

(𝑒𝑒)� = 𝑀𝑀(𝑒𝑒), so that: 

𝑀𝑀(𝑒𝑒) 𝜕𝜕
𝜕𝜕𝑡𝑡

{𝜗𝜗}(𝑒𝑒) +  𝐾𝐾(𝑒𝑒){𝜗𝜗} = 𝑓𝑓(𝑒𝑒) (19) 

Final form of the matrices in terms of shape functions with coordinates of the triangle centroid 
are given in the literature [12]  

By assembling all finite elements back into the domain, the global matrix equation is expressed 
as: 

��𝑀𝑀(𝑒𝑒) 𝜕𝜕
𝜕𝜕𝑡𝑡

{𝜗𝜗} + 𝐾𝐾(𝑒𝑒){𝜗𝜗} − 𝑓𝑓(𝑒𝑒)� = 0
𝐸𝐸

𝑒𝑒

 (20) 

To numerically solve the system of matrix Eq. 20, the time derivative has to be discretized by using 
finite difference method (FDM). The discretization starts by defining the variation of the temper-
ature in time. Using the Taylor series, the temperature at the 𝑛𝑛 + 1 time step can be expressed by 
using the previous time steps [10]:  



A new multi-objective optimization approach for process parameters optimization during numerical simulation of …  

 

 

Advances in Production Engineering & Management 17(1) 2022 23 
 

𝜗𝜗𝑛𝑛+1 = 𝜗𝜗𝑛𝑛 + ∆𝑡𝑡
𝜕𝜕𝜗𝜗𝑛𝑛

𝜕𝜕𝑡𝑡
+
∆𝑡𝑡2

2
∙
𝜕𝜕2𝜗𝜗𝑛𝑛

𝜕𝜕𝑡𝑡2
+ ⋯ , (21) 

Assuming the second and higher order terms of the series (21) are neglected, the final form of the 
time discretization is shown as: 

([𝑀𝑀] + ∆𝑡𝑡[𝐾𝐾]){𝜗𝜗}𝑛𝑛+1 = [𝑀𝑀]{𝜗𝜗}𝑛𝑛 + ∆𝑡𝑡 {𝑓𝑓}𝑛𝑛+1 (22) 

The matrix Eq. 22 is complete set of equations used to solve the unknow nodal temperatures in 
time 𝑛𝑛 + 1. To calculate the nodal temperatures {𝜗𝜗}𝑛𝑛+1 previous nodal temperatures must be 
known. The procedure goes to the initial temperature field which is defined by the Ex. 5, so that 
the nodal temperatures of the time step 1 can be calculated: 

([𝑀𝑀] + ∆𝑡𝑡[𝐾𝐾]){𝜗𝜗}1 = [𝑀𝑀]{𝜗𝜗}0 +  ∆𝑡𝑡 {𝑓𝑓}1 (23) 

At any time step, the nodal temperatures can be estimated using the Eq. 23 and the initial condi-
tions (Eq. 5). The Eq. 23 represents the implicit method of the time discretization, which is much 
better for the computer implementation than explicit approach [4]. Unlike implicit, the time can 
be discretized by using different methods described in the literature [4]. Convergence criteria for 
both FEM and FDM is beyond the scope of the paper but can be found in the referenced literature 
[4-6]. 

2.5 Inverse heat transfer calculation using Levenberg-Marquardt approach 

Typically, the heat transfer problem is defined as the calculation of the temperature field for 
known boundary and initial conditions. Often the boundary conditions are not known and cannot 
be resolved due to practical reasons [24]. In such cases, the problem of the calculation of the 
boundary conditions is part of the integrated problem such that the temperature field is solved 
based on prior estimation of the boundary conditions. A possible way of estimating the boundary 
conditions is to have measuring points inside the computational domain. For every estimated 
value of the boundary conditions the calculated and measured temperature field are compared at 
the measuring points. Once the residual is computed and the squared error is calculated, the val-
ues of the boundary conditions are corrected for certain amount and the calculation process con-
tinue until the result reaches the satisfied accuracy. This process is known as Inverse Heat Trans-
fer Problem [5, 7, 15-17]. Since the solutions of the IHTP are unstable, the problem is recognized 
as ill-posed. The existence and uniqueness of the solution for IHTP can be proved only for specific 
cases, since it is very sensitive to random errors. This leads to the use of specific approaches in 
order to minimize the error influence and satisfy the stability of the solution. In general, the IHTP 
can be defined as the optimization problem, but there are some critical differences that distinguish 
these two methods from each other [14, 18, 19].  

Every inverse problem starts by defining the objective function 𝐶𝐶. Usually, the objective func-
tion is square error (SE) between actual (measured) and calculated field variable. The field varia-
ble for this paper is the temperature, so the objective function is expressed: 

𝐶𝐶 = (𝑌𝑌 − 𝜗𝜗)2 (24) 
where 𝑌𝑌 is the vector of the measured temperatures, and 𝜗𝜗 the vector of the calculated tempera-
tures.  

The measured temperatures are obtained during the experimental phase and the calculated 
temperatures are obtained by using the DHTP. The objective function 𝐶𝐶𝑡𝑡 at any time 𝑡𝑡 of the 
quenching process presented in the paper can be defined as modified version of the Eq. 23 as: 

𝐶𝐶𝑡𝑡(𝛼𝛼Γ) = ��𝑌𝑌𝑡𝑡
𝑗𝑗 − 𝜗𝜗𝑡𝑡

𝑗𝑗(𝛼𝛼Γ)�
2

𝑚𝑚

𝑗𝑗=1

 (25) 

where 𝑚𝑚 is number of measuring points, 𝑌𝑌𝑡𝑡
𝑗𝑗- measured temperature in point 𝑗𝑗 at time 𝑡𝑡, 𝜗𝜗𝑡𝑡

𝑗𝑗 calcu-
lated temperature in point 𝑗𝑗 at time 𝑡𝑡. The calculated temperature field is the solution of Eq. 4. The 
temperature field 𝜗𝜗 (𝑟𝑟, 𝑧𝑧, 𝑡𝑡) satisfies the boundary and initial conditions given by Eqs. 5 to 9 for 
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every point in the computational domain (R, H). To solve the Eq. 4, the boundary conditions must 
be resolved at any time. To resolve the boundary conditions, the heat transfer coefficients 𝛼𝛼Γ1 , 
𝛼𝛼Γ2 , 𝛼𝛼Γ3  from the Eqs. 5 to 9 must be known. In fact, the heat transfer coefficients become the 
unknown parameters of the IHTP. The Eq. 25 can be defined so that at any time 𝑡𝑡 the objective 
function 𝐶𝐶𝑡𝑡 depends on the current calculation of the vector of unknown parameters 𝛼𝛼Γ. 

The procedure of the unknown parameters’ optimization starts by minimizing the least square 
norm of the Eq. 25. The minimization of the expression can be estimated by equating the partial 
derivatives of the objective function to zero by every unknown parameter. 

At any time 𝑡𝑡, the gradient ∇ of the objective function 𝐶𝐶𝑡𝑡 in terms of the unknown vector 𝛼𝛼Γ can 
be expressed as: 

∇𝐶𝐶𝑡𝑡 = 2��−
𝜕𝜕𝜗𝜗𝑗𝑗

𝜕𝜕𝛼𝛼𝛤𝛤
� �𝑌𝑌𝑡𝑡

𝑗𝑗 − 𝜗𝜗𝑡𝑡
𝑗𝑗� = 0

𝑚𝑚

𝑗𝑗=1

 (26) 

Assuming there are 𝑚𝑚 measuring points, the sensitivity matrix 𝐽𝐽 of unknown parameters 𝛼𝛼Γ at 
time 𝑡𝑡 is expressed as: 

𝐽𝐽�𝛼𝛼Γ� =  

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 𝜕𝜕𝜗𝜗

1

𝜕𝜕𝛼𝛼Γ1
𝜕𝜕𝜗𝜗1

𝜕𝜕𝛼𝛼Γ2
𝜕𝜕𝜗𝜗1

𝜕𝜕𝛼𝛼Γ3
𝜕𝜕𝜗𝜗2

𝛼𝛼Γ1
𝜕𝜕𝜗𝜗2

𝜕𝜕𝛼𝛼Γ2
𝜕𝜕𝜗𝜗2

𝜕𝜕𝛼𝛼Γ3
⋮ ⋮ ⋮

𝜕𝜕𝜗𝜗𝑚𝑚

𝛼𝛼Γ1
𝜕𝜕𝜗𝜗𝑚𝑚

𝜕𝜕𝛼𝛼Γ2
𝜕𝜕𝜗𝜗𝑚𝑚

𝜕𝜕𝛼𝛼Γ3⎦
⎥
⎥
⎥
⎥
⎥
⎤

 (27) 

By using Eqs. 27 and 25 the procedure of finding the unknown parameters is described in the 
literature [7, 14-20]. Since the quenching process is transient and nonlinear, the solution of the 
system equations derived from Eq. 26 can be obtained by iterative process based on the parame-
ter values from the previous step 𝛼𝛼𝑘𝑘Γ : 

𝛼𝛼𝑘𝑘+1Γ =  𝛼𝛼𝑘𝑘Γ + ∆𝛼𝛼𝑘𝑘Γ (28) 

The value ∆𝛼𝛼𝑘𝑘𝛤𝛤 is given as [20]: 

∆𝛼𝛼𝑘𝑘𝛤𝛤 = [[𝐽𝐽𝑘𝑘]𝑇𝑇 ∙  𝐽𝐽𝑘𝑘 +  𝜇𝜇𝑘𝑘  Ω𝑘𝑘]−1 [𝐽𝐽𝑘𝑘]𝑇𝑇 �𝑌𝑌 − 𝜗𝜗𝑘𝑘�𝛼𝛼𝑘𝑘Γ�� (29) 

where 𝜇𝜇𝑘𝑘 is positive real number called dumping parameter, and Ω𝑘𝑘 is the diagonal matrix of real 
numbers. They called Levenberg-Marquardt stability parameters. 

The parameters (𝜇𝜇𝑘𝑘 , Ω𝑘𝑘) dump the oscillations and instabilities due to ill-conditioned behav-
iour of the problem, so that they become large at the beginning of the iteration process, after which 
they decrease as the matrix [𝐽𝐽𝑇𝑇 ∙ 𝐽𝐽 ] becomes larger. Different initial values are proposed for the 
stability parameters. Usually, the matrix Ω𝑘𝑘 is initialized with Ω𝑘𝑘 = 𝑑𝑑𝑖𝑖𝑎𝑎𝑑𝑑[[𝐽𝐽𝑘𝑘]𝑇𝑇 ∙  𝐽𝐽𝑘𝑘], while the 
dumping parameter is initialized at the beginning of the iteration process as 𝜇𝜇𝑘𝑘 = 10−3, and then 
gradually increased or decreased by factor 10 or 0.1 respectively [7]. The calculation of the sensi-
tivity matrix (Eq. 27) and stopping criteria of the Levenberg-Marquardt algorithm are described 
in the literature [7]. 

3. Application 
3.1 Experimental setup 

The experiment setup consists of a cylindrical probe made of the steel AISI 304. The main property 
of the material is no crystal conversion during the heating and quenching. The probe is heated at 
850 °C using electric furnace. Once the probe reached the temperature, it moved down toward the 
quenching bath with constant velocity until immersed in cooling fluid completely. Throughout the 
entire quenching process, the temperature of the cooling fluid is 40 °C. To maintain the constant 
temperature, the cooling fluid is constantly flowing upwards. The main aim of such kind of an 
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experiment is to provide axisymmetric heating and quenching, so that the mathematical descrip-
tion of the process would be as simplified as possible. There are 5 mayor components of the ex-
periment [21, 22, 24], (Fig. 5). 

During quenching process, temperature values are continuously measured in four points (1, 2, 
3, 4) by using thermocouples described in Fig. 3. Due to their many advantages, the thermocouples 
have long been used successfully in temperature metrology [2, 9]. They are practically composed 
of only two wires of different metals, joined together at one end, which produce a small voltage, 
depending on the temperature. Therefore, they are very easy to use, cheap, small in size, carefully 
designed, and can be used to measure a wide range of temperatures (–270-3000 °C) in different 
environmental conditions. An important property is that many combinations of thermocouples 
give an almost linear voltage output in a wide range of temperatures, which is important in cali-
bration and measurement process. The number of potential combinations of thermocouples is 
practically infinite because any two different metals can be used. The positions of the measured 
points in the cylindrical probe are depicted in Fig. 5 [21, 24]. Once the thermocouples are installed 
in the probe, the process of collection the data is controlled from the datalogger. The datalogger 
sends the data to the PC for further clean-up and preparation of the experimental results. The 
process of heating a probe took up to 4 hours. However, the process of quenching was completed 
in 100 to 700 seconds depending of the quenchant. 
 

 
Fig. 5 Schematic view of the experiment with the main components. The details show the layout of the measuring points 
 

3.2 Numerical simulation of the quenching process 

Once the experimental results are collected, the computer simulation starts by preparing the nu-
merical model for the IHTP. The computational domain is the cylinder of three different radii 12.5, 
25 and 37.5 mm and heights 100, 150 and 220 mm respectively, with 4 temperature sensors re-
cording at every half second. Three sensors are directly used in the IHTP, while the thermocouple 
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located at the symmetry axis was used as control point. As previously stated, the IHTP is defined 
as the estimation of the heat transfer coefficients at cylinder surfaces: 𝛼𝛼𝛤𝛤1 – bottom base, 𝛼𝛼𝛤𝛤2 – 
cylinder shell around bases, and 𝛼𝛼𝛤𝛤3 – top base. 

Previously, the IHTP of the cylinder quenching was solved by using Levenberg-Marquart 
method (LMM) and NSGA II [21, 24], where the DHTP was solved using COMSOL Multiphysics®. 
The reason of using NSGA II in combination with LMM is due to ill-conditioned problem and ina-
bility to solve the multi-objective optimization problem by using LMM only. Some of the disad-
vantages of this approach is slow convergence time and the complexity of the method as well as 
the nature of the NSGA II [24]. 

This paper presents a new approach for parameter optimization by using modified version of 
the LMM and implemented 1D and 2D axisymmetric solver for DHTP by using FEM (line and tri-
angle finite elements). To overcome ill-conditioned nature of the presented quenching process, 
the paper proposes two improvements of the LMM: 

1. Estimation of the initial values of the HTC by using 1D LMM, and 
2. Modified version of the calculation of the sensitivity matrix. 

3.3 Estimation of the initial values of the unknown parameters 
As can be seen throughout the literature, the initial parameter values of the LMM optimization are 
very important. The closer the initial values of the HTC parameter to the exact solution, the faster 
the convergence achieved [7, 19, 18, 14]. In order to estimate the initial HTC values (𝛼𝛼(1), 𝛼𝛼(2) and 
𝛼𝛼(3)), 1D LMM is performed for the three points in the computational domain separately, which is 
depicted in Fig. 3. Each of the 1D optimization process was performed for time 𝑡𝑡 =  1 to 𝑇𝑇, so that 
every time step has it own initial values. 

Once the initial values of the HTC were estimated, the main multi-objective LMM optimization 
is performed. As can be seen in Fig.1, the HTC values along the cylinder shell have nonlinear dis-
tribution. By knowing HTC values at three points along the cylinder height, one can interpolate 
the HTC values by using a known interpolation function. In order to interpolate the distribution 
of the HTC along the cylinder, bi-linear function through three points was used. Regarding the HTC 
distribution along the cylinder bases, the constant value is assumed. By using the interpolation 
function, the IHTP can be reduced to the estimation of the HTC parameters 𝛼𝛼(1), 𝛼𝛼(2) and 𝛼𝛼(3) (see 
Fig. 4). 
3.4 Calculation of the sensitivity matrix 
Since the HTC parameters are not independent of each other, the calculation of the sensitivity 
matrix (27) in the multi-objective LMM optimization produces the unstable equation system such 
that the iteration process falls into the local optimum. To overcome this problem, the sensitivity 
matrix (27) is calculated only for parameter which produces the highest error. The rest of param-
eters are not changed for the current iteration. In order words, inter-dependency of the unknown 
parameters in the sensitivity matrix is avoided by considering the most dominant parameter only, 
while the other parameters are not changed for the current iteration.  

The calculation of the most dominant HTC is expressed as: 

𝛼𝛼𝑚𝑚𝑚𝑚 = 𝐴𝐴𝑟𝑟𝑑𝑑𝑚𝑚𝑎𝑎𝑥𝑥(𝑌𝑌𝑡𝑡 − 𝜗𝜗𝑡𝑡(𝛼𝛼Γ )) (29) 

where Argmax function returns the HTC parameter 𝛼𝛼𝑚𝑚𝑚𝑚 which produces the maximum squared 
error.  

Once the most dominant parameter is determined, the sensitivity matrix (27) becomes:  

𝐽𝐽(𝛼𝛼𝑚𝑚𝑚𝑚) = �
𝜕𝜕𝜗𝜗𝑗𝑗

𝜕𝜕𝛼𝛼𝑚𝑚𝑚𝑚
� = �

𝜕𝜕𝜗𝜗1

𝜕𝜕𝛼𝛼𝑚𝑚𝑚𝑚
…

𝜕𝜕𝜗𝜗𝑚𝑚

𝜕𝜕𝛼𝛼𝑚𝑚𝑚𝑚
�
𝑇𝑇

 (29) 

The rest of the LMM procedure remains as originally proposed [7]. 
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3.5 The algorithm for the estimation of the unknown parameters 

The classic Levenberg-Marquart method (LMM) and related computational algorithm can be 
found in many books [7]. The difference of the algorithm variations can be identified in determi-
nation of the stability parameters, and the calculation of the sensitivity matrix. The paper presents 
the modified LMM version in the estimation of the initial parameter values, the determination of 
the most dominant parameters in the objective function, and the calculation of the sensitivity ma-
trix. 

The following listing present 1D LMM algorithm for the estimation of the initial parameter values: 
 

 
 

Three executions of the 1D LMM algorithm are performed in order to estimate three HTC param-
eters (𝛼𝛼(1), 𝛼𝛼(2) and 𝛼𝛼(3)) depicted in Fig. 3. 

The multi objective LMM starts by accepting the initial values of 𝛼𝛼(1), 𝛼𝛼(2) and 𝛼𝛼(3) for every 
time step: 
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The computer implementation of both algorithms as well as direct solver has been implemented 
in C# programming language and can be found at http://github.com/bhrnjica/quenching_simula-
tion. The Daany – DAta ANalYtics on .NET [23] library was used for the HTC interpolations, matrix 
algebra, and system of equations solver.  

The simplified flowchart of the computer implementation is shown in Fig 6. 

 
Fig. 6 Flowchart of the computer implementation of the numerical simulation 

4. Results of the numerical simulation 
With the modified implementation of the LMM, the numerical simulation of quenching process 
was performed on different cylinder geometries and different quenching fluids. In total, nine dif-
ferent numerical simulations were performed and compared with the experimental results. Table 
1 shows different cylinder geometries and related statistics of the finite element model. 

Table 2 shows combination of the cylinder dimension and quenchants used in the numerical 
simulation. Nine different numerical simulations were performed with different cylinder geome-
try and quenchant types. Each numerical simulation included estimation of the HTC parameters 
by solving IHTP of multi-objective function.  
Table 3 shows the overview of the error summary of each numerical simulation at every measured 
point. In total, 36 different error measures were performed by calculating minimum, maximum 
and average of the absolute and relative errors respectively. 

The nine different numerical simulations were performed to estimate the HTC at three cylin-
drical edges (𝛤𝛤1, 𝛤𝛤2 and 𝛤𝛤3). The HTC at 𝛤𝛤2 was changing along the cylinder height, hence it is inter-
polated by using bi-linear interpolation (Fig. 3). 
 

Table 1 Cylinder probe dimensions and corresponding FEM mesh used in the numerical simulation 
Cylinder (R, H), (mm) # of nodes # finite elements finite element type 

(25, 100) 660 1164 triangle 
(50, 150) 1213 2195 triangle 
(75, 225) 1949 3560 triangle 

 

http://github.com/bhrnjica/quenching_simulation
http://github.com/bhrnjica/quenching_simulation
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Table 2 Overview of the numerical simulations 
Numerical simulation Id Cylinder dim. (Φ, H), (mm) Quenchant type 

NS1 (25, 100) Water 
NS2 (50, 150) Water 
NS3 (75, 225) Water 
NS4 (25, 100) Aquatensid solution 5 % 
NS5 (50, 150) Aquatensid solution 5 % 
NS6 (75, 225) Aquatensid solution 5 % 
NS7 (25, 100) Isorapid oil 
NS8 (50, 150) Isorapid oil 
NS9 (75, 225) Isorapid oil 

 
Table 3 Overview of absolute and relative errors at measuring points 

Id MP      AEmax     AEavg     AEmin REmax (%) REavg (%) Remin (%) 

NS1 Tm1 1.8 0.8 0.0 3.2 0.9 0.0 
 Tm2 2.0 0.5 0.0 2.2 0.4 0.0 
 Tm3 9.2 3.8 0.2 11.0 1.7 0.0 
 Tm4 2.1 0.9 0.0 3.7 0.6 0.0 

NS2 Tm1 2.0 0.8 0.0 2.5 0.7 0.0 
 Tm2 1.9 0.5 0.0 3.2 0.3 0.0 
 Tm3 50.6 11.5 0.1 14.8 3.3 0.0 
 Tm4 1.6 0.6 0.0 1.7 0.3 0.0 

NS3 Tm1 2.0 0.6 0.0 2.9 0.5 0.0 
 Tm2 2.1 0.7 0.0 3.4 0.5 0.0 
 Tm3 33.6 6.2 0.1 5.4 1.6 0.1 
 Tm4 1.9 0.6 0.0 3.5 0.4 0.0 

NS4 Tm1 2.1 0.7 0.0 4.3 0.8 0.0 
 Tm2 2.1 0.6 0.0 3.6 0.5 0.0 
 Tm3 21.8 7.5 0.5 14.3 3.4 0.1 
 Tm4 2.0 0.6 0.0 3.9 0.4 0.0 

NS5 Tm1 4.4 0.8 0.0 4.9 0.8 0.0 
 Tm2 1.9 0.5 0.0 1.8 0.4 0.0 
 Tm3 37.7 8.5 0.4 14.8 3.6 0.0 
 Tm4 4.1 0.7 0.0 3.0 0.3 0.0 

NS6 Tm1 4.4 0.8 0.0 4.6 0.6 0.0 
 Tm2 2.0 0.9 0.0 2.8 0.4 0.0 
 Tm3 22.1 6.3 0.3 6.3 2.1 0.0 
 Tm4 3.8 0.7 0.0 3.7 0.4 0.0 

NS7 Tm1 2.1 0.8 0.0 4.0 0.7 0.0 
 Tm2 2.0 0.8 0.0 1.8 0.5 0.0 
 Tm3 27.3 7.7 0.1 11.1 2.5 0.0 
 Tm4 2.1 0.8 0.0 1.5 0.3 0.0 

NS8 Tm1 34.6 1.5 0.0 4.5 1.0 0.0 
 Tm2 8.9 0.7 0.0 1.4 0.4 0.0 
 Tm3 21.8 6.7 0.4 9.2 2.0 0.0 
 Tm4 10.4 0.8 0.0 1.2 0.3 0.0 

NS9 Tm1 12.8 0.7 0.0 1.5 0.2 0.0 
 Tm2 2.1 0.8 0.0 0.4 0.2 0.0 
 Tm3 23.4 8.0 0.3 6.5 1.7 0.0 
 Tm4 8.5 0.7 0.0 1.0 0.2 0.0 

 
The following 3 figures show the results of the numerical simulations for NS1, NS2 and NS3. 

Each figure consists of 4 images: a) comparison between experimental and numerical tempera-
tures at four measured points, b) residual plots of the measured and calculated temperatures, c) 
optimized values of the HTC parameters α1, α2, α3, and d) temperature filed calculated at five 
different times of quenching. 
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Fig. 7 Numerical results for cylinder 25 × 100 mm immersed in water 

 

 
Fig. 8 Numerical results for cylinder 25 × 100 mm immersed in 5 % aquatensid solution 

 
The greatest local deviations between measured and calculated temperatures can be identified at 
the location of the Tm3 thermocouple at the time when boiling phase of the quenching process is 
presented. The presented results in Table 3 are in all cases closer than the results in the cited 
literature [21, 24]. When comparing the results for the control point Tm3, the results show incon-
sistency e.g., NS2 has 50 °C deviation, while the results from the [24] has 40 °C. Other results of 
the control points are approximately the same.  

Regarding the optimization algorithms, the presented algorithms reduced the optimization 
time significantly and showed superiority to the algorithms cited in the literature [21, 24]. The 
whole optimization process at regular PC took less than 25 minutes for all 9 simulations, while 
compared algorithms took several hours only for one simulation [21, 24]. 
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Fig. 8 Numerical results for cylinder 25 × 100 mm immersed in Isorapid oil 

5. Conclusion 
The paper presents methods, algorithms, and results of the numerical simulation of quenching 
cylindrical steel probe. In the first part the derivation of partial differential equation of the heat 
transfer in cylindrical coordinates for axisymmetric problem domain was presented. In addition, 
the variational form of the partial differential equation was derived as the starting point of deri-
vation of the finite element procedure for DHTP. Subsequently, the IHTP was introduced and ap-
plied for the quenching of the cylinder which is immersed in three different quenchant. Since the 
multi-objective optimization of the HTC parameters is required, the paper present the modified 
version of the LMM in terms of parameter initial value calculation and determination of the most 
dominant parameter for sensitivity matrix calculation. To test the numerical simulation, three 
measuring points are installed beneath the cylinder surface and one measuring point in the centre 
of the cylinder. As the results show, in all cases of the measuring points beneath the cylinder sur-
face (Tm1, Tm2 and Tm4), the absolute and relative error are minimal and show great accuracy. 

However, for some cases at the measuring location Tm3, the results deviate up to 50 °C or 
14.8 % of the relative error. Analysis shows that the deviation of the results appeared in the “bub-
ble boiling” phase of the quenching where the gradients are very large and the applied approxi-
mation of the HTC was not good enough to estimate the temperature field. This can also be recog-
nized in Fig. 1 where the real HTC distribution along the cylinder height differs from the interpo-
lation function used in the numerical simulation.  

By comparing the presented results with the results from the literatures [21, 24], it can be con-
cluded that the calculated results are closer to measured results. The presented optimization al-
gorithm has significantly reduced the optimization process up to 25 minutes in comparison to the 
several hours in the literature [21, 24]. 
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Appendix A 
A list of abbreviations 

Abbreviation Description 
DHTP Direct Heat Transfer problem 
IHTP Inverse Heat Transfer Problem 
HTC Heat Transfer Coefficient 
FEM Finite Element Method 
FDM Finite Difference Method 
LMM Levenberg-Marquart Method 
NSGA Nondominated Sorting Genetic Algorithm II 

 
 

https://doi.org/10.17222/mit.2018.226
https://doi.org/10.1016/j.camwa.2009.06.006
https://doi.org/10.1016/j.camwa.2009.06.006
https://doi.org/10.1016/j.ijheatmasstransfer.2017.10.048
https://doi.org/10.1016/j.ijheatmasstransfer.2017.10.048
https://doi.org/10.1137/0142040
https://doi.org/10.1201/9781003155157
https://doi.org/10.1179/174951411X13051201040910
https://doi.org/10.1179/174951411X13051201040910
https://doi.org/10.1016/C2016-0-01493-6
https://doi.org/10.1016/C2016-0-01493-6
https://doi.org/10.1007/978-94-007-2739-7_897
https://doi.org/10.1007/978-94-007-2739-7_897
https://doi.org/10.1155/2017/2461498
https://doi.org/10.1590/S1678-58782006000100001
https://doi.org/10.1590/S1678-58782006000100001
https://doi.org/10.1137/0111030
https://doi.org/10.21278/TOF.42Si106
https://doi.org/10.21278/TOF.SI1008421
http://arxiv.org/abs/2107.03733

